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1 Introduction

The discovery of high-temperature superconductors with follow-
ing research of many materials, such as REBCO and MgB2,
opened the door for superconducting power applications such
as generators [1], motors [2], transformers [3], fault current lim-
iters [4] and power transmission lines [5]. Superconductors are
also widely used in large-bore magnets. Superconducting mate-
rials offer higher current density and magnetic field compared
to normal conductors, and hence they improve the properties of
large scale applications. However, they need to be cooled down
below a certain critical temperature Tc. The cryogenic system
is inefficient at low temperatures such as liquid helium or liquid
nitrogen, and hence the AC loss presented by superconductors
is often not feasible for superconducting power applications.

It is possible to reduce the AC loss by optimizing the config-
uration of the superconducting parts, and thence reach feasible
superconducting power applications. The modelling methods
can predict the properties of superconducting materials. How-
ever, 2D cross-sectional models cannot include finite size effects
in finite samples or many power applications. There are sev-
eral formulations of modelling methods but they are lacking of
the required calculation speed and the accuracy for the full 3D
situations. Therefore, full 3D modelling methods are required.

The modelling method has to handle a huge number of de-
grees of freedom in 3D mesh, in order to reveal all finite size
effects. Further, the model result needs to be accurate with the
measurements.

This thesis dissertation aims to develop a new variational
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method to model the electromagnetic response of superconduct-
ing materials in 3D. The new formulation is implemented in
a self-programmed tool written in C++ language with parallel
computing ability. The modelling results are compared with an-
alytical predictions and measurements, in order to verify their
correctness. We study coupling effects in striated tapes, magne-
tization of rectangular prisms and cross-field demagnetization of
cubic bulks. New findings are studied and discussed. Later, the
findings are confirmed by measurements and other modelling
methods.

2 Theoretical method

The modelling method is based on a variational principle with a
new T formulation defined as the effective magnetization, where
the current density follows J = ∇×T. We name the method as
the Minimum Electro Magnetic Entropy production (MEMEP
3D). The MEMEP 3D core is the 3D functional

L[∆T] =

∫
V

dV

(
∇×∆T · (∆Aa + ∆At)

∆t
+ U(J0 + ∆Jt +∇×∆T)

)

+

∫
V

dV

∫
V

dV ′
µ0

8π∆t

(∇×∆T) · (∇′ ×∆T′)

|r− r′|
, (1)

which has to be minimized [6], where Aa is the applied vector
potential, At is the vector potential created by the transport
current density Jt, J0 is the current density in the time t0, ∆t
is the change of the time step and U is the dissipation factor
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defined as

U(J) ≡
∫ J

0

dJ′ ·E(J′). (2)

The solution of the functional is the same as the solution of the
Maxwell differential equations, which is proofed by the Euler
equations at the functional minimum. The second variation of
the functional proofs that the solution is a minimum and unique.

A new minimization algorithm is developed as a part of the
dissertation thesis, in order to reach short computing time.

We assume the E(J) relation of the isotropic power law,
which is

E(J) = Ec

(
|J|
Jc

)n
J

|J|
, (3)

where Jc is the critical current density, Ec is the critical electric
field and n is the power law exponent depends on the supercon-
ducting material.

We also use the anisotropic power law

E(J) = 2m0U0

[(
J‖

Jc‖

)2

+

(
J⊥
Jc⊥

)2
]m0−1

·

(
J‖

J2
c‖
e‖ +

J⊥
J2
c⊥

e⊥

)
,

(4)
where Jc⊥ is the perpendicular critical current density, Jc‖ is the
parallel critical current density, m0 = (n+ 1)/2, U0 = EcJc⊥/(n+ 1),
J‖ = J ·B/|B|, J⊥ = |J×B|/|B| and e‖, e⊥ are unit vectors
defined as e‖ = B/|B| and e⊥ = J⊥/|J⊥|.
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Figure 1: The calculation time of the MEMEP 3D modelling
tool with increasing number of degrees of freedom and various
sped up methods on (a) a single standard computer and (b) on
a cluster. The model case is a cube with perpendicular applied
field parallel to z axis and 10 time steps, in order to reach the
peak of the applied field of 200 mT. The number of DoF in the
symmetry corresponds to the full sample.
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2.1 Sectors and parallel programming

The 3D mesh contains a huge number of elements, up to 1 mil-
lion in our case, and hence the method needs to be sped up many
times. The modelling tool includes parallel programming, in or-
der to speed up the calculation time. The code uses two parallel
programming protocols: Open MP on a single computer and
BoostMPI multi-core CPU’s protocol for a computer cluster.

The sample is divided into sectors, each being divided into
smaller elements. Therefore, in the parallel computing each sec-
tor is solved by one thread. Thanks to the sectors, the efficiency
of the parallel computing is high, around 90%. There are still
some parts of the code calculated in series, and hence the par-
allel computing efficiency is not perfect.

The sectors speed up the minimization time around 8 times
and the parallel computing another 8 times. The symmetry of
the geometry reduces the minimization elements to 1/8, and
hence it speeds up the calculation time. The symmetry, if it is
applicable, speeds up the minimization time by 7.5 times. In
conclusion, all speed-up methods reduce the computing time by
2 or 3 orders as it is shown on figure 1(a).

The method includes as well parallel programming on the
computer cluster with efficiency around 80%, since data transfer
between the cluster nodes reduces the parallel efficiency. How-
ever, the cluster further reduces the computing time. The case
of more than 1 million degrees of freedom takes around 55 hours
on 6 cluster nodes [1(b)].
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3 Model tests

3.1 Comparison of thin film model with ana-
lytical formulas.

The new calculation method has to show that the results are
correct. Therefore, a basic example has been compared with an-
alytical predictions such as a thin disk, as well as other cases [6].
The thin disk assumes the infinitely thin sheet approximation.

The modelling case is the electromagnetic response of the
superconducting disk in the perpendicular applied field. The
critical current density is 2.72 · 1010 A/m2 with n-factor 1000.
The radius of the disk is 6 mm and the thickness is 1 µm. The
instantaneous applied field is 7.8 mT parallel to z axis and with
frequency 50 Hz. The current density slowly penetrates into
the sample (2) and current lines follow the outer shape of the
sample even though any cylindrical symmetry is not assumed.
The hysteresis loop is compared with the analytical prediction
(figure 3) with perfect agreement.

The solution of the isotropic power law with high n value
is the same as the Critical State Model, which validates the
MEMEP 3D method. The Critical State Model does not allow
current densities higher than the critical current density, which
proofed as well that for a thin disk there appear |J| ≤ Jc.

The MEMEP 3D method is further validated by comparison
with other methods. Good agreement was found with the Finite
Element Method (FEM) and Volume Integral Method (VIEM),
for the case of tilted applied magnetic fields in prisms and stacks
of tapes [8].
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Figure 2: The modulus of the current density at applied field
7.8 mT for a thin disk. The current lines form circular loops,
while the model does not assume any cylindrical symmetry.

8



-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

-4 -2  0  2  4

M
z
/M

s

Ba/Bd

Thin disk formula
Model

Figure 3: The thin disk magnetization loop agrees with the
analytical formulas [7].

9



3.2 Coupling effects in two-filament tape and
measurements

Another validation of the model is by measurements of the AC
loss. The AC loss, and mainly the coupling loss, is important for
High Temperature Superconductors, since the AC loss is high
and increases with the tape width.

The measurement sample consists of two soldered supercon-
ducting tapes side by side of 22 mm length. The critical current
of the 6 mm wide tape is 160 A. The applied field is perpen-
dicular to the sample with applied field of 0.1-100 mT and with
frequency 144 Hz. The AC loss is measured by the Calibration
free method [9].

The model considers the same parameters as the measured
sample. The power law uses an n factor of 30, which is a value
closer to practical superconductors. The comparison between
model and measurement is on figure 4 with very good agree-
ment, with only 3% error. Deviation appears around 20 mT
applied field, which is the self-field of the sample. The model
assumes constant Jc. However, the model can include Jc(B),
and hence increase further the accuracy of the AC loss predic-
tion. MEMEP 3D can model accurately AC loss in up to 10
filaments in the tape.

The measurements contain as well isolated non-soldered tapes
of length 50 mm. Therefore, the measured AC loss per sam-
ple length is completely caused by hysteresis loss in the super-
conductor. The comparison of coupled and uncoupled cases
shows that the coupling loss is dominant in low fields.
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4 Results and discussion

This Thesis results are focused on the electromagnetic response
of superconductors in situations that are still not well under-
stood. Superconducting bulks can generate higher magnetic
fields than permanent magnets. However, the screening cur-
rent of cubic samples is not well studied. The magnetization of
prisms of several thicknesses reveals the intermediate state be-
tween the infinitely thin sheet approximation and infinite bar.
Cross-field demagnetization is the real situation in motors, with
rotating magnetic fields, and it predicts how long bulks remain
magnetized in the motor. Most superconductors present force-
free anisotropy. Therefore, a detailed study for this case is very
important.

4.1 3D Magnetization currents in rectangular
prisms with constant Jc

We study the magnetization of a cubic bulk and discuss the
screening currents, which are still not well understood.

The modelling sample is a cubic bulk with edge of 10 mm
and applied field parallel to the z axis with maximum amplitude
of 200 mT. The sinusoidal applied field is with 50 Hz frequency.
The critical current density is 1 · 108 A/m2 and the n factor is
100, which causes similar results to the Critical State Model.

The screening current density progressively penetrates into
the sample when increasing the applied field to the peak. The
bottom plane [figure 5(c)] is fully saturated by screening current
density with round current lines at the center plane. The higher
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cross-sectional planes show lower penetration depth [figure 5(b)].
The central cross-section presents a non-saturated zone with
screening current and square current lines [figure 5(a)]. The
model results show that cubic samples contain both types of
current lines, square and round.

The calculation also reveals the Jz component of maximum
value 0.3Jc, which does not exist in cylindrical or fully saturated
square samples. Jz is the highest in the diagonal lines [figure
5(e)]. The reason of the presence of Jz is that the cubic sample
with square current lines cannot uniformly shield the applied
magnetic field. At the corners, the self-field is too large. There-
fore, Jz improves the shielding uniformly at the diagonal lines.
The main screening current in the z plane is bended by the Jz
component, as it is shown on the lateral surface [figure 5(d)].
Real 3D current lines are shown on figure 6.

4.2 Effect of aspect ratio of rectangular prisms

The study of aspect ratio effects on the rectangular prisms shows
the intermediate state from the thin film approximation and in-
finite bar. The first part of the study is focused on the screening
current path in the sample.

The modelling situation is the rectangular prism with the
size of 10×10 mm2 and thickness in the range of 1-20 mm. The
sinusoidal applied field is parallel to the z axis with frequency
of 50 Hz. The applied field is Ba = 0.484Bs, where Ba is the
applied field and Bs is the saturation field for each aspect ratio.
The critical current density is 1 · 108 A/m2 and the n factor is
100. The aspect ratio c is defined as c = w/d, where w is the
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Figure 5: The penetration of current density modulus into the
cube with power law n =100 at the peak of the applied field
of 200 mT amplitude. The cross-sectional planes are at (a)
z/d = 0, (b) z/d = −0.39, (c) z/d = −0.49, (d) y/w = −0.49
and (e) z/d = −0.39.
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Figure 6: The upper half of the cube sample with real 3D current
lines in two positions. The current lines are bended from z plane
by Jz component, which improve shielding of the applied fields
in corners.
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Figure 7: The Jy component of the current density in the
mid plane y/w = 0 for various aspect ratios c = w/d of
the prism with n=100 and the applied field of the same ratio
Ba = 0.484Bs, where Bs is the saturation field defined in section
4.3. (a) c=1, (b) c=0.5, (c) c=0.2, (d) c=0.1. The penetration
depth of Jy is the same for each case of c.
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width of the sample and d is the thickness of the sample with
values of c =0.1,0.2,0.5,1,2.

The cross-sectional plane of the full 3D model at the mid
plane y/w=0 shows the Jy component of the current density
on figure 7 for all aspect ratios. For c = 1, the current front
close to the center is parallel to the y axis [figure 7(a)]. Thin-
ner samples showed the same penetration depth, but with more
squeezed non penetrated central zone [figure 7(b),(c),(d)]. The
model proved that the current path is not changing with the de-
creasing thickness, and hence there exist non-zero Jz component
of maximum value 0.3Jc even in the case of c = 0.1 [10]. We cal-
culated as well the average current density over the thickness of
the aspect ratio 0.1 [figure 8], where current lines qualitatively
agree with the thin film model.

4.3 Magnetization loops and penetration field
of rectangular prisms with constant Jc

The second part of the study is focused on the magnetization
loops and penetration field with various aspect ratios c. The
modelling situation is the same as the previous study of the
screening current in the prism.

The hysteresis loops are on figure 9 with applied field 1 T. the
hysteresis loops show that the saturation field is the smallest for
the prism with c = 0.1, as it is expected for a thin film. However,
an infinitely thin film saturates at an applied field with infinite
value. The magnetization and the saturation field increases with
thickness of the sample, since thicker samples can induce higher
screening magnetic fields. The flat curve of the hysteresis loops

17



-0.5

-0.25

 0

 0.25

 0.5

-0.5 -0.25  0  0.25  0.5

y
/w

x/w

 0

 0.2

 0.4

 0.6

 0.8

 1

|J
|/
J

c

Figure 8: The average current density over the thickness of the
prism with aspect ratio c = 0.1. The current distribution is
qualitatively similar to the thin film.

18



at saturated state is caused by the high n factor of value 100,
which does not allow |J| > Jc as it is in the Critical State Model.

We set the saturation field as 99% of the magnetization of
the sample, in order to unify all criterions for cylinder, slab
and strip since the prism presents features of all of them. The
saturation field M(Bs) = 0.99Ms on aspect ratio c is showed
on figure 10 with analytical predictions for infinite thin film and
infinite bar. Our analytical fit reached 97% accuracy, reaching
as well the thin film and bar limits. The analytical fit is

Bs(c) = µ0Jcwa1

[
1 + a2e

− ln2(a3c)

2a2
4

]
tanh(a5c), (5)

where the fit parameters are a1 = 0.3915, a2 = −0.26, a3 =
2.56, a4 = 0.75 and a5 = 2.41.

4.4 Cross-field demagnetization of cubes.

The cross-field demagnetization is important, since the same
situation appears in the motor, where rotating magnetic fields
demagnetize the rotor.

The modelling situation is divided into two steps: the first
part is magnetization of the sample, followed by relaxation with-
out any applied field. The second part is the demagnetization
of the sample with applied cross-fields. The cubic sample is of 6
mm edge size with Jc = 2.6 A/m2 and n of 30. The maximum
magnetizing applied field is 1.3 T parallel to the z axis. This
magnetization field is with triangular waveform and ramp rate
13 mT. The modelling method uses the Field Cooled method,
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Figure 9: The hysteresis loops of the prisms with various as-
pect ratio c = d/w and the applied field amplitude of 1 T. The
saturation field increases with aspect ratio c.
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followed by 900 s of relaxation time. The cross-field, parallel
to the x axis, is with amplitude of 130 mT and frequency 0.1
Hz. The entire demagnetization process is on the figure 11 with
average magnetization and trapped field. The trapped field is
100 µm above the sample surface at the middle of the z plane.

The usual peak of the trapped field at the end of the relax-
ation time is on figure 12 with black curve. The trapped field
profile is along the x axis, parallel to the cross-field direction.
The first peak of the cross-field reveals the asymmetry of the
trapped field [figure 12, blue curve]. The peak of the trapped
field decreases and it is shifted to the left. The next minus
peak of the cross-field shifts the trapped peak back to the cen-
ter [figure 12, red curve]. The origin of the asymmetry is the
screening current inside the bulk sample, which creates an “S”
shaped current profile [11]. The asymmetry was confirmed by
another 3D method [12], as well as by measurements. The de-
magnetization of the bulk measurements agree very well with
the model predictions [figure 13]. However, calculations for the
highest cross-fields, present inaccuracies. Higher accuracy can
be reached by taking the real value of the power law exponent
of the sample and including the Jc(B) dependence.

4.5 Anisotropic force-free effects in thin films

Most superconductors present force-free anisotropy, a funda-
mental study of the thin film anisotropy is of high interest.
The force-free effects appear when the current density J is not
perpendicular with the local magnetic field B, often involving
vortex breaking and cutting.
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Figure 14: The gradual penetration of the current density into
the anisotropic thin film with the sinusoidal applied field ampli-
tude Ba=70.7 mT. The applied field angle is θ=45◦.

The geometry of the study is a thin film of size 12 × 12
mm2 and thickens 1 µm. The perpendicular critical current
density is 3 · 1010 A/m2 and the parallel critical current density
is Jc‖ = 3Jc⊥. The power law n value is 30 and the sinusoidal
magnetic field amplitude is 50 mT. The applied field angle θ is
in the range of 0-80◦ with constant z component of the applied
field.

The screening current of the case of θ = 45◦ is on figure
[14(a)]. The maximum Jy component of the current density is
with value around Jc⊥ (regions close to the right and left edges).
However, the Jx component reaches a value around 2Jc⊥(regions
close to the top and bottom edges), since Jx is more aligned with
the direction of the applied field, and hence Jc‖ is involved. The
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Figure 15: The magnetization loops with (a) anisotropic and
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is of Ba,z=50 mT with frequency of 50 Hz and n value 30.
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penetration depth is lower than for Jy, because of the higher
current density. The peak of the applied field shows the same
penetration behavior and the sample is almost fully saturated
[figure 14(b)]. The remanent state shows the reduction of the
“enhanced” Jx component, since the applied field is zero and
the self-field is perpendicular to the current density direction
[figure 14(c)].

The hysteresis loops for the anisotropic power law in the
thin film are on figure 15(a). The magnetization increases with
the angle, since the alignment of the current density with the
applied field increases the value of |J| to Jc‖. However, the
isotropic case of the same applied field angles presents constant
magnetization for all angles, since there is always |J| ≈ Jc⊥.
For the anisotropic case, there appears a minimum at the rema-
nence. The cause is that at the remanence the local magnetic
field is always perpendicular, reducing |J| to |Jc⊥|

4.6 Prism with various thicknesses and anisotropic
force-free effects

The second anisotropy study of the force-free effects is on the
prism with various applied field angles θ.

The prism sample is of the size 12×12 mm2 and with thick-
ness of 1 mm. The perpendicular critical current density is 3·107

A/m2 and Jc‖ = 3Jc⊥ with power law n value 30. The modelling
case with applied field amplitude 100 mT and angle θ = 60◦.

The current density of the thin film and prism agree very
well, even thought the prism contains less elements in each z
plane. However, the prism model is a full 3D model with higher
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Figure 16: The penetration of the thickness-average current den-
sity at the peak of applied field of 100 mT with angle θ = 60◦

in (a) thin film and (b) prism. The current density in the mid
cross-section is shown for the (c) Jx and (d) Jy components.
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total number of elements, having several elements in the z di-
rection. The average current density over the thickness is calcu-
lated [figure 16(b)] and compared with the thin film case [figure
16(a)]. The current penetration is qualitatively the same. The
Jx component is the highest at the penetration front, where the
perpendicular self-field vanishes, and hence |J| is not reduced to
Jc⊥.

A closer comparison with the cross-sectional planes at y/w =
0 and x/w = 0 of the Jx and Jy components is shown on figures
16(c),(d). The Jy component of both samples show the same
penetration depth [figure 16(d)] with slightly lower penetration
depth of the prism at the peak of applied field, caused by coarser
mesh in the z plane. The Jx comparison shows as well the
same penetration depth of both samples [figure 16(c)]. However,
the thin film with narrower cells presents a higher peak of the
penetration front of the current density.

The hysteresis loops show a peak after the remanent state
[figure 17(a),(b)]. The cause is that for a prism, there is also a
parallel component of the self-field. Then, at remanence there
appears zones with “enhanced” current density, in addition to
these caused by a tilted applied field. The Mx magnetization
increases with the applied field angle θ, since the current density
can flow in the z direction and the average plane of the current
loops is tilted by the applied field angle. The Mz component
depends on two aspects. The magnetization decreases with the
applied field angle because of the tilted screening current density
but also increases because of the alignment of the current density
and local magnetic field, which increases the current density to
the value of Jc‖.
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Figure 17: The magnetization loops with anisotropic power law
and various angles θ of the applied field. The magnetization
components (a) Mx and (b) Mz are shown.
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5 Conclusion

Since High Temperature superconductors are non-linear mate-
rials, powerful mathematical models are required. Supercon-
ducting power application machines are of finite size, and hence
2D cross-sectional models are not enough to explain all finite
size effects. Therefore, 3D modelling methods are needed with
fast calculation time to handle full 3D meshes with a lot of ele-
ments, and providing accurate predictions. 3D modelling tools
with possibility of many dependences like anisotropy and Jc(B)
are the most promising, in order to reach high agreement with
measurements.

This PhD thesis developed a new variational method based
on the T effective magnetization, called Minimum Electro Mag-
netic Entropy Production (MEMEP) 3D. The modelling tool is
programmed in the C++ language with parallel programming
structure. The parallel programming efficiency reached 80% on
computer cluster and allows to model samples with more than
1 million degrees of the freedom in less than 55 hours.

The results of MEMEP 3D are verified with the 2D analytical
predictions and also with the measurements of the AC loss on a
2 filaments tape with only 3% error. Another important result is
the magnetization current density in the cube sample, which was
previously not well understood. The model revealed non-zero Jz
component and explained the full 3D current path. Afterwards,
we showed the screening current path in prisms with different
thickness, which confirmed not vanishing Jz component even at
aspect ratio 0.1. The analytical fit of the penetration field as a
function of the aspect ratio of the rectangular prism reached the
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accuracy of the 97%. The fit allows to predict the penetration
field of any aspect ratio between the thin film approximation
and the infinite bar.

Our 3D calculations of the screening current of the cube
was chosen as benchmark model in the international HTS mod-
elling workshop 2016. This was followed by cooperation with
the comparison of three modelling methods by tilted applied
fields in prisms and stacks of the tapes [13]. The comparison
further validated the MEMEP 3D method. Detailed cross-field
demagnetization study of the cube showed very good agreement
with measurements and other 3D methods. The demagnetiza-
tion case is very important for the case of rotating fields, like in
the motor.

The anisotropy study showed the prediction of the screening
currents and hysteresis loops in thin films and prisms with tilted
applied fields based on the Elliptical Critical State Model. This
physical model describes force-free effects, resulting in anisotropic
E(J) relation. The detailed study is important, since most su-
perconductors present this kind of anisotropy.

In the conclusion, the MEMEP 3D method proofed to be
a very useful method with fast calculation time and accuracy.
The results are confirmed by other 3D modelling methods and
measurements. The results found new superconducting effects.
The method can potentially improve superconducting power ap-
plications.
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